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Quasi-Static Characteristics of Microstrip on an
Anisotropic Sapphire Substrate

ROGER P. OWENS, JAMES E. AITKEN, AND TERENCE C. EDWARDS

Abstract—The well-detbd and repeatable electrical properties of
single-crystal sapphire make it an attractive substrate material for
rnicrostrip, but its dielectric anisotropy constitutes an important design

complication. This paper describes investigations into the quasi-static

characteristics of single microstrip lines on sapphire substrates cut with

a specified orientation. To account for anisotropy, a new permittivity

parameter 8,., is introduced, which is a function of the Iinewidth to
substrate-height ratio W/h. The variation of e,,q with W/h is derived by

thdte-dWerence methods. Universal curves for microstrip on correctly

orientated sapphire are presented, showing 1) &,cq,2) the low-frequency
limit of effective microstrip permittivity e,o, aud 3) the characteristic
impedance of the line 2., all as functions of W/h.

L INTRODUCTION

T

HE PERMITTIVITY of nominally identical alumina-

ceramic substrates is known to vary significantly

from batch to batch. New-batch measurement thus becomes

necessary to determine the permittivity parameter needed

for subsequent design of microstrip circuitry. One important

advantage of single-crystal sapphire substrates is that such

repeated measurement is unnecessary because the sapphire

has well-defined and repeatable electrical properties. Being

uniaxial, however, the crystal is anisotropic, and has a

permittivity parallel to the optical axis (C axis) &Oell, which

is higher than the permittivity in the plane perpendicular

to this axis, eoe~. Sapphire substrates are therefore usually

cut with their plane surfaces perpendicular to the C axis

so that the material permittivity is constant everywhere in

the plane of the substrate. A propagating wave traveling

along a microstrip line on the substrate is then not subjected

to a change in permittivity at bends or corners in the line.

The purpose of this paper is to determine the effect of this

specified anisotropy on the quasi-static characteristics of

microstrip lines deposited on the substrate. We will show

that the magnitude of this effect is of practical significance.

The microwave performance of the lines will also be

influenced by dispersion, and experimental investigations

into this aspect of the behavior of microstrip on sapphire

are reported in another paper [1].

The substrate geometry and coordinate designation are

shown in Fig. 1. We examine the case when the C axis

corresponds to the y-coordinate in this figure. The principal

relative permittivities of sapphire are chosen to be

El = E= = Z= = 9.40 &l, = g, = 11.60.

This choice of values is considered further in Section II.
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Fig. 1, Microstrip on sapphire (C axis perpendicular to ground plane).

The well-defined anisotropy enables us to specify for

sapphire a unique linewidth-dependent permittivity parann-

eter which we term the equivalent isotropic-substrate

relative permittivit y e,.~. This is defined as the permittivity

of an isotropic substrate, supporting a microstrip line,

which would yield microstrip parameters such as line

capacitance per meter C, impedance 2., and effective

microstrip permittivity 8=0 (low-frequency limiting value),

which are identical to those of the same line on sapphire.

For a given Iinewidth, the appropriate t,,~ value may then

be used as the material permittivity in any microstrip

design equations. Clearly, for wide lines the electric field

immediately under the strip will predominate, and it will

lie largely in the y direction. Thus e,.~ will approach CY

for large W/h. As the lines become narrower, the permit-

tivity component &X will have greater effect, and q.~ will

steadily fall to some intermediate value between eX‘and ~Y.

The following sections describe how the variations of

&,,~, 8,., and 20 with W/h have been determined for micro-

strip lines on the specified sapphire substrate.

II. THE PRINCIPAL RELATIVE PERMITTIVITIES OF SAPPHIRE

The most recent accurate determination of sapphire

relative permittivities appears to be that reported by

Fontanella et al, [2], who quote the values CL := 9.395 ~

0,005, and 8,, = 11,589 + 0,005, The measurements were

made at a frequency of 1 kHz. Loewenstein et al, [3]

report results obtained from extrapolated infrared refractive-

index measurements, quoting &l = 9.413 ~ 0.008 and

s,, = 11.601 ~ 0.008.

Measurements specifically in the microwave frequency

band 2-12 GHz were recently made by Ladbrooke et al. [4],
who quote sl = 9,34, ell = 11.49, both with ~ 0.5-percent

error bands. These results were not corrected for the finite

Q factor of the resonators [5], neither were the “magnetic

side-wall” resonator measurements corrected for fringing

fields along the open edge [6]. Appendix A discusses how

Q and capacitive fringing corrections maybe made. Lack

of precise fringing capacitance information for the particular
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Fig. 2, Geometry of the computer solution.

geometry of the substrates precludes accurate recalculation

of their permittivities, but it is concluded that the mean

values for each orientation are about 0.5 percent higher than

those given in [4], and the results from [2] and [3] lie

well within the new error bounds. The infrared results [3]

indicate that there is less than 0,1-percent bulk material

dispersion in sapphire below 300 GHz, so the choice of

e~ = 9.40 and e], = 11.60 for the present work is well

justified. Based on the errors quoted in [2] and [3], error

bounds of +0.01 are estimated for each of these values.

III. OUTLINE OF FINITE-DIFFERENCE COMPUTATIONS

The finite-difference method [7]-[10] has been used to

compute theoretical values for the quasi-static line capacit-

ances per meter of microstrip lines on anisotropic substrates

with selected principal permittivity components over the

range 0.125 < W/h < 9. Implicit in the finite-difference

solution is the assumption that the propagating waves on

microstrip are TEM waves. This assumption is only

satisfactory at the low-frequency (LF) limit and other

theories should be used to take into account dispersion

effects [11], [12]. At the LF limit the impedance and

effective permittivity associated with a given microstrip

line may be derived from the line capacitance values using

simple TEM relationships. Alternatively, an interpolation

technique, described later, may be used to deduce e,.~

directly from line capacitance computations for both
isotropic and anisotropic permittivit y tensors.

Fig. 2 depicts the geometry of the semisection from which

we obtain the computer solution for the case W/h” = 1.

The boundaries are removed sufficiently far from the strip

that the computed solutions are virtually. independent of
boundary positions. The relative effects of side wall and

top wall on the computed capacitances depend on the width

of the strip. For wide strips the relative position of the side

wall is important, while for narrow strips the location of the

top wall has greater effect. Fig. 2 also illustrates the coarsest

net employed, which corresponds to four elemental squares

across the thickness h of the substrate. A factor N is used

in the computation to generate a new net which is finer,

by the same factor, than that shown in Fig. 2. The sub-

strate is then 4N squares high and the side walls 40N

squares away from the axis of symmetry. In general, the

highest value of N used was N = 7, but for the case

W/h = 0.125 we used N = 12, which provides 6 elemental

squares along the narrow strip. Computations in ,general

follow the standard relaxation methods for the solution of

the potential at each net point [9], but special tinite-

difference equations are required to account for the aniso-

tropy of the substrate. The three finite-difference equations

used for net points 1) entirely on the substrate, 2) entirely

in air, and 3) on the air/substrate boundary, are derived in

Appendix B [(B7)-(B9)]. All node potentials within the

boundaries are initially at estimated values, and the left

side of the appropriate finite-difference equation is evaluated.

Equation (B9) of Appendix B, for example, will yield a

residual potential R = ~(V~ + V~ + V~ + Vc) – VA. Each

potential in the net is replaced at the nth iterative scanning

of the net by an updated potential V(n) = V(n – 1) + uR,

where the overrelaxation factor u was chosen to be around

1.8.

The magnitude of the normal electric field Em at each

node on the strip is computed from the potentials on adjacent

nodes, and the line capacitance per meter is obtained from

the surface integral (taken over a length of 1 m) of the

normal electric flux density, i.e.,

c=c~
JJ

EnEn dS.

s

The normal relative permittivity en has the value unity

along the top surface of the strip, and eYalong the bottom

surface. We have taken an average value *(1 + &.) normal

to the two edges, which is justified by (B8) in Appendix B.

Theoretical estimation of the accuracy of a single finite-
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TABLE I

W/h 9.0 4.0 2.0 1.0 0.5 0.’25 0.125

11.50 11.40 11.27 11.10 10.96 10.89 10.80
Creq .

c eo
9.718 8.806 8.o27 7.391 6.965 6.712 6.522

Z. Q 10.17 19.51 31.50 46.6o 63.26 80.36 97.76

Note? .X = 9.40, 87 = 11.60.

TABLE II
.

w/h 9.0 4.0 2.0 1.0 0.5 0.25 0.125

Change in ~=eq (1) 0.010 0.010 0.015 0.025 0.030 0.035 0.035

for 0.1 change in

(1) .x, (2) E (2) 0.090 0.090 0.085 0.075 0.070 0.065 0.065

difference solution is very difficult, and in the present work

the following procedure has been adopted in order to

improve the accuracy of the final solution. For each net

the capacitance per meter is computed and printed out

every 15 iterations until it is found to change by less than

0.1 percent. A final capacitance value for the net is then

estimated by extrapolation. The final values for successively

finer nets are used, in a similar way, to estimate the capacit-

ance Cm that would be computed on an infinitely fine net.

This stage is carried out graphically, by plotting C against

exp (N~,x – N) and observing where the smooth curve

through the points intercepts the C axis where exp (– m) = O.

The asymptotic value of capacitance is reached fairly

rapidly for W/h > 1, but below this value the successive

final” capacitances for each net do not converge quickly,

and the asymptotic capacitance becomes progressively

more difficult to estimate. This difficulty extends to the

higher W/h ratios when the capacitance Cl for air dielectric

is computed; However, it was not the intention to calculate

ZO and &.O directly from computations of C and Cl, so

this approach was not pursued. In’stead, the parameter

&f.~ was calculated as follows from computations of C

alone. For each W/h, capacitances C. and C~ were computed

for isotropic substrates with relative permittivities s. and e~

just above and below the predicted s..~ value, and er.~

was calculated using the interpolation formula

Ereq = Eb + (8= — &b) . (C – Cb)/(C~ — Cb).

Better convergence and accuracy would be achieved if a

graded mesh were used, involving a fine net near the strip,

increasing to a coarse net near the conducting boundaries.

A more advanced version of the program is being written

to incorporate this refinement, which, is necessary when

using the finite-difference technique for analysis of closely

spaced coupled lines,

IV. COMPUTED RESULTS

Table I shows the results obtained theoretically for the

relative permittivities -sX= 9.40, eY = 11.60. The figures for

the LF limit of effective microstrip permittivity &eOand the

characteristic impedance Z. were obtained frc~m the W/h

and s,.~ data using a computer program based upon the

theory of Bryant and Weiss [13].

The error bounds on these results are dictated by the

limitations of the computer core store, because the IV-factor

previously mentioned has to be traded off against the size

of the box defining the boundary walls. For W/h < 1, the

error in estimating the asymptotic capacitance increased

due to slow convergence. It was possible to increase N to

12 for the narrowest line, W/h = 0.125, without sacrificing

accuracy due to insufficient box size, but convergence was

still poor, and an error of about 0.5 percent ilm ‘predicting

Cm was estimated. At the other end of the scale, although

convergence was rapid for the line W/h = 9.0, the results

were sensitive to box size. By using the largest box consistent

with maintaining an adequately high N-factor, again a

probable error of ~ 0.5 percent was achieved. The estimated

error on the results for the middle value, W/h = 1, was

dowi to ~ 0.2 percent.

Calculations of e,.~ were also made for slightly different

&Xand tY values, to determine its sensitivity to these param-

eters. Table H indicates how much e,.~ is altered. by changes

of 0.1 in .sXand &Y,respectively.

V. DISCUSSIONOF RESULTS

The computation of each &,,~ value using the finite-

difference method is a lengthy process, and because of the

net structure used, only a limited number of W/h ratios

can be chosen for solution. For computer-aided design

purposes, it is necessary to derive either an analytical

equation or a readily analyzable semiempirical model for

microstrip on an anisotropic substrate, by curve fitting to

the existing points. Both approaches were tried. The

equation

& = 12.0 –
1.21

req
1 + 0.39[log (lOW/h)__

(1)

results in curve a of Fig. 3, which fits the finite-difference

points very well in the range 0.1 < W/h s; 10.0. The

numerical terms in this equation are purely empirical,
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Fig. 3. Equivalent relative permittivity versus W/h for microstrip lines on a sapphire substrate (C axis perpendicular to
ground plane), with el = 9.40, &,] = 11.60, O—Theoretical points (finite-difference computation). Curve a from (l).
Curve b using microstrip model (Appendix C).
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Fig. 4. Effective microstrip permittivity versus W/h for microstrip on a sapphire substrate (C axis perpendicular to
ground plane). Curve a: et = 10.60, E, = 11.60. Curve 6: isotropic substrate with ., = 11.60.

however, whereas the approximate microstrip model

described in Appendix C reduces the degree of empiricism

to a single permittivity value .si. Curve b of Fig. 3 is generated

when &i is chosen to be 10.60.

The fit is very good until W/h falls below 0.5, into the

region where the error in the theoretical points is greater

and the model is less likely to correspond to the actual

situation. Nevertheless, this result justifies the use of a

model which is clearly not exact, but ‘behaves very similarly

to the actual microstrip.

Curve a of Fig. 4 shows the corresponding variation of

8=0 with W/h, with points from Table I superimposed. The

error in the derived value of the material permittivity which

would result if anisotropy were neglected and a fixe”d value

of 11.60 were used is obvious from Fig. 3. The corresponding

error that would arise in Z,O can be deduced by comparing

curve a of Fig, 4 with curve b, which is applicable to an

isotropic substrate with e, = 11.60; Fig. 5 shows the cal-

culated relationship between 20 and W/h for sapphire,

taking into account the variation in e,,~, and again points

from Table I are added. In this case, the particular value of

&reqIs not so critical, but if a fixed value of 11.6 were used
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Fig. 5. Impedance versus W/h for microstrip on a sapphire substrate (C axis perpendicular to ground plane).

the error in 20 would be – 4 percent for W/h = 0.1

falling to –0.5 percent at W/h = 1.0. Figs. 4 and 5

represent universal curves for determining the quasi-static

parameters of single microstrip lines on a sapphire substrate

cut in the plane specified by Fig. 1.

VI. CONCLUSIONS

This paper has primarily dealt with sapphire substrates

cut with their plane surfaces perpendicular to the crystal

C axis, although the theoretical methods are applicable to

other orientations. Likewise, the methods can be applied

to coupled lines, although single microstrip lines only are

considered here. The effect of substrate anisotropy on the

behavior of single microstrip lines on these substrates has

been accounted for by introducing a new linewidth-

dependent ,permittivity parameter e,,~. This is so defined

that it can be used as the conventional (isotropic) substrate

permittivity in any microstrip design equations. The
variation of e,,~ with W/h has been derived theoretically

using a finite-difference method. An empirical equation

and a nonrigorous model for microstrip on an anisotropic

substrate have been employed to enable ere~to be calculated

for any required W/h in the range 0.1 < J7T/h <10.0

without further recourse to the finite-difference com-

putations. In addition, the model has been used to generate

universal curves of S=Oand ZO versus W/h for microstrip

on sapphire substrates with the specified orientation.

APPENDIX A

A. Reexamination of the Results of [4]

Ladbrooke et al. [4] measured the resonant frequencies

of both wholly and partly metallized sapphire substrates

cut with the C axis either parallel or perpendicular to the

large surfaces of the slice, The permittivities were then

deduced from the equation

TABLE III

,=

Mean pernittivity values
Resonator types

()

C2
— “ (1’? + d)

‘y = 2ym,m
(Al)

where c is the velocity of light, SYis the permiittivit y in the

direction y defined in Fig. 1, 1 is the length of side of the

square substrate, and n,m are mode numbers. The results

were as shown in Table III. From an analysis of coupling

errors, it was argued [4] that the open-edge (n,O) mode

resonator results were within 0.5 percent of the true perlmit-

tivities. Howell [5], [6], however, pointed out that further

corrections to these results are necessary to account for

radiation loss and fringing at the open edge of the resonators.

Losses cause a downward shift in resonant frequency of

Af/f = l/2Q, where Q is the loaded Q factor of the

reson;tor [5], [18]. Correction for this leads to a smaller

result for &Yby the factor AsJ&Y = 2Afif = l~Q according

to (Al). Q’s approaching 200 and above were measured for

(n,O) modes in open-edge resonators, indicating a correction

of well below 1 percent.

Failure to allow for electric fringing fields present at

the edges of the substrate results in a calculated value of
EYwhich is lower than the true value. Correction in this
case thus has the reverse efiect to the Q correction. There

appears to be no analysis in the literature dealing with the

fringing effects of parallel-plate resonators with an air–

dielectric interface around the bpen edge of the resonator.

However, it was felt that the static analysis of the ap-

propriate dielectric-filled configuration would provide some
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indication of the magnitude of the correction required.

Reference [15] alone deals with this situation, but it is

difficult to estimate the fringing capacitance relevant to the

small ratio iz/1 = 0.02 which applies to our substrates.

Moreover, there is some doubt about the accuracy of results

from [15], because although the estimated fringing capacit-

ance for the completely air-filled system agrees fairly well

with [16], it is five times that predicted by [17]. Until

further information becomes available, preferably for the

resonator rather than the static capacitor, no firm con-

clusions about fringing corrections can be made. It is only

possible to say that the (n,O) mode results of [4] seem to

mark a lower bound to the true permittivity results.

The metallized-edge resonator results do not require any

correction for fringing or loss (Q’s well in excess of 400

were measured for our completely metallized substrates),

but it is known that because of coupling errors they represent

an upper bound to the true values [4].

Based on the figures of Table III, therefore, we conclude

that the microwave measurements of [4] establish the

principal relative permittivities of sapphire as &l = 9.47 ~

0.13, and &l, = 11.64 ~ 0,16. The tolerances quoted here

would almost certainly be reduced if the corrections out-

lined above were quantified and taken into account,

APPENDIX B

A. Permittivity Tensor for Sapphire of Suitable Orientation

The permittivity tensor of an anisotropic crystal with

its principal axes coincident with the coordinate system

axes, is the diagonal matrix shown in the following equation,

which relates the electric displacement vector D to the

electric field E [18]

[1
&xoo

D= O eY O eoE.

oo&z

Sapphire is a uniaxial crystal, and our substrates are

cut such that .sYcoincides with its C axis. Hence &y = sII

and Ex = E= = EL. In the quasi-TEM theory, E= = O,

therefore,

D = ieOeXEX+ jcO&JEY. (Bl)

B. Special Finite-Dl~erence Equations

Consider conditions at the interface between two different

anisotropic dielectrics with their principal axes aligned
with the coordinate system. Assume the net point A is

located on the interface, at coordinates (x,h) and points

B, C, D, and E are located distarices a from point A as

shown in Fig. 6. In charge-free space V” D = O. Therefore,

in the upper dielectric (y > h)

i?zv(x,y) + ~ , (Yv(x,y) = o

&x’
axz

Y
ayz

(B2)

and in the lower dielectric (O < y c h)

i?zv(x,y) + ~ azv(x,y) = o

&x

ax2
Y

avz
(B3)

E

DIELECTRIC

1-

IE2, E;) a

Y D Aa ‘9
x

DIELECTRIC

[ 6x.EyJ
c

Fig. 6. Net points around point A on anisotropic dielectric interface.

where &X’,.sY’are values for the upper dielectric and &.,.sY

for the lower.

At the interface (y = h) the tangential field – (8 V/8x)

and its gradient —(82 V/8x2) must be continuous across

the boundary for all values of x. For example,

IYv(x> 14– ay) = dzv(x, h + w = azv(x,h). ~B4)

axz axz ax2

Here, dy ~ O and is used to indicate y-coordinates just

inside and just outside the interface.

In addition, the normal component of D must be con-

tinuous across the interface, i.e.,

av-(~, h – O) = , av(x, h + w
&Y ay

&Y
(B5)

ay “

The net point potentials V~,Vc,V~,V~ are obtained in terms

of VA and the appropriate partial derivatives of V by

applying Taylor’s theorem in the normal way [7]–[10].

Elimination of all partial derivatives using (B2)-(B5)

results in the following general finite-difference equation:

+(&x’ + &x)(J”~+ VD) + &y’v-- + &yvc

– (8; + &x + E; + &Y)~A = O. (B6)

In the present problem this is reduced to three special

cases.

Case 1:0< y < h: All net points lie within the lower

dielectric material; thus e,’ = e, and s.’ = 8X and (B6)

becomes

&X(t”~ + ~=) + &Y(~~ + ~c) – 2(&X + &y)~’ = O. (B7)

Case 2: y = h: The upper dielectric is air; i.e., &y’ =

e~’ = 1 and (B6) becomes

3(1 + L%)(VB+ ~D) + VX + &y~C

– (2 + &x + &y)vA = o. (B8)

Case 3: y > h: All net points lie in air; i.e., .sy’ = eY =

.sX’ = .sX= 1 and (B6) becomes

vB+vD+vE +v~–4J’’A=o. (B9)

AppEmIx C

A. Simple Model for Microstrip on the Anisotropic

Substrate

The major effect of the substrate anisotropy occurs

beneath the strip where the electric field is primarily in the

y direction, so that the component SX makes very little
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Fig. 7. Model for microstrip on an anisotropic substrate (C axis
perpendicular to ground plane).

contribution to the capacitance in this region. Elsewhere

in the substrate and in the air above it, the direction and

density of the electric flux is such that eYand eXhave about

equal influences on the remaining capacitance associated

with the microstrip. It is reasonable to assume, therefore,

that the hypothetical structure of Fig. 7 would behave in a

very similar way to the microstrip under investigation. In

this model, magnetic walls exist in the dielectric region only,

in the constant x planes situated at each edge of the strip,

so that the electric field under the strip lies entirely in the y

direction. Between the magnetic walls the dielectric has the

permittivity EY. Outside these walls, the substrate has an

isotropic relative permittivity &i which is a linear combination

of .sXand &Y, that is: &i = b&Y + (1 – b)&X, where :1 and

hence b are in general expected to be functions of W/h.

The total capacitance C per unit length of the microstrip

model thus consists of the parallel-plate capacitance beneath

the strip Cp = ZYSOW/h, and the fringing capacitance Cf

arising from electric flux lines originating from the top
surface and edges of the strip. C’f will be approximately

equal to the difference between the total capacitance of

conventional microstrip on an isotropic substrate of

permittivit.y 81 (which can be calculated for any required

W/h using Wheeler [14], or other analysis theories) and

the parallel-plate capacitance previously defined, with &~

replacing eY. The equivalent relative permittivity &,.~ is

then given by a combination of Zj and 8Y weighted by the

respective capacitance ratios Cf/C and CP/C; i.e.,

&req =
~i.%+&y.~

c

&iCf + E~Cp

= Cf+cp”

Use of this .s,.q in Wheeler or other analysis processes will

give ZO and e,O also as functions of W/h.

It was found that &,.q calculated in this way using a

constant value of Ei independent of W/h corresponded

very closely with the finite-difference theory values of

g,,~. An optimized value &i = 10.60 was obtained by curve

fitting to the finite-difference theory points given in Table I,

as shown in Fig. 3.
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